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In this article we answer some questions related to monotonically monolithic spaces posed
in O.T. Alas et al. (2009) [1], V.V. Tkachuk (2009) [17], and V.V. Tkachuk (2012) [18].
We prove: (1) Cp(Cp(X)) is monotonically monolithic if and only if X is monotonically
monolithic; (2) if X is a Σκ -product of a family of spaces with countable network weight,
then Cp(X) is monotonically monolithic; (3) if X is the product of Lindelöf Σ-spaces,
then Cp(X) is monotonically monolithic; (4) if Cp(X) is monotonically monolithic and
Y is a cozero subset of X , then Cp(Y ) is monotonically monolithic; (5) every compact
ω-monotonically monolithic space is monotonically monolithic.
Moreover, we introduce the notion of monotonically <κ-monolithic space and prove that
any of these spaces X with nw(X) = κ is hereditarily D . Finally, we prove that for every
pseudocompact space X with network weight less or equal to ω1, Cp(X) is hereditarily D .
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Property D was introduced by E.K. van Douwen and W.F. Pfeffer in 1979 [8]. Recently, an abundant research about
spaces with property D have been produced (an excellent survey about D-spaces can be found in [11]). It is easily seen
that σ -compact spaces are D-spaces, and that any countably compact D-space is compact. Furthermore, A.V. Arhangel’skii
and R. Buzyakova [4] showed that every space with a point-countable base is hereditarily D . Afterward, Buzyakova [5]
proved that a space Cp(X) is hereditarily D when X is compact. This result was generalized by G. Gruenhage [10] who
demonstrated that if X is a Lindelöf Σ-space, then Cp(X) is hereditarily D . These results motivated the introduction of
monotonically monolithic spaces by V.V. Tkachuk in [17] where we can ﬁnd the following results:
Theorem 1.1.
(1) If X has a point-countable base, then X is monotonically monolithic;
(2) if X is a Lindelöf Σ-space, then Cp(X) is monotonically monolithic;
(3) every monotonically monolithic space is hereditarily D.
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the Collins–Roscoe property (that was introduced in [7]) in spaces of continuous functions with their pointwise convergence
topology, and the relation of this property with the monotone monolithicity.
It was proved in [12] that every space with the Collins–Roscoe property is monotonically monolithic, and, in [18], that
for every Lindelöf Σ-space X with nw(X)ω1, Cp(X) has the Collins–Roscoe property.
In all these three papers, [1,17,18], several interesting questions were also posed. Some of them are:
Question 1.2. ([17]) Assume that Cp(X) is monotonically monolithic. Must X then be a Lindelöf Σ-space? Must X then be
Lindelöf?
Question 1.3. ([17]) Suppose that Cp(Cp(X)) is monotonically monolithic. Must Cp(X) be a Lindelöf Σ-space? Must Cp(X)
be Lindelöf?
Question 1.4. ([1]) Is every compact monotonically ω-monolithic space a monolithic space?
Question 1.5. ([18]) Assume that Cp(X) has the Collins–Roscoe property. Is X then Lindelöf?
Question 1.6. ([18]) Assume that Cp(X) has the Collins–Roscoe property. Is X then a Lindelöf Σ-space?
In this article we answer these questions. In Section 3 we prove that a space X is monotonically monolithic if and only if
Cp(Cp(X)) is monotonically monolithic. This fact associated with M.O. Asanov’s Theorem which states that for every space
X and every n ∈ N, t(Xn)  l(Cp(X)), provide us with an easy way to construct examples of spaces Cp(X) which are not
Lindelöf but for which Cp(Cp(X)) is monotonically monolithic, answering in a negative form Questions 1.2 and 1.3. Following
these same ideas, we show in Section 4 that Cp(X) is monotonically monolithic when X is a dense subspace of a product of
spaces each of them with countable network and such that the projection from X in each subproduct is a quotient function.
Moreover, we prove that if X is the product of Lindelöf Σ-spaces, then Cp(X) is monotonically monolithic.
In Section 5 we generalize a result presented in [14] by showing that for every cozero subset Y of X , Cp(Y ) is home-
omorphic to a closed subset of Cp(X)ω . As a consequence, we obtain that if Cp(X) is monotonically monolithic and Y
is a cozero subset of X , then Cp(Y ) is monotonically monolithic. Section 6 is devoted to prove that every monotonically
κ-monolithic space X with t(X)  κ is monotonically monolithic, and using this fact we prove that if X is a compact
monotonically ω-monolithic space, then it must be monotonically monolithic, answering in the positive Question 1.4. Also,
we generalize a result due to O.T. Alas, V.V. Tkachuk and R.G. Wilson [1] by proving that if X is a countably compact
monotonically ω-monolithic space, then X is compact, monotonically monolithic and has the Fréchet–Urysohn property.
In the last part of the article we introduce the monotonically < κ-monolithic spaces and show that if X is monotonically
< κ-monolithic where κ = nw(X), then X is hereditary D . Also, we prove that for every regular cardinal number κ , the
space Cp([0, κ)) is monotonically < κ-monolithic. In the case of ω1, we ameliorate this result by showing that Cp([0,ω1))
has the Collins–Roscoe property. With this result we answer Questions 1.5 and 1.6 in the negative.
In [5], R. Buzyakova asked if for every countably compact space X , Cp(X) is hereditarily D . Afterward, she answered
this question in a negative form in [6] by showing that there is a countably compact space X of cardinality ℵ2 for which
l(Cp(X)) > e(Cp(X)), and then Cp(X) is not a D-space. Nevertheless, we prove, in Section 6, that if X is a pseudocompact
space with network weight  ℵ1, then Cp(X) is hereditarily D .
2. Notation and terminology
Every space in this article is a Tychonoff space with more than one point. The letters α, ξ and γ represent ordinal
numbers and the letters κ and λ represent inﬁnite cardinal numbers; ω is the ﬁrst inﬁnite cardinal, ω1 is the ﬁrst non-
countable cardinal. We will denote an ordinal number α with its discrete topology simply as α. The ordinal number α with
its order topology will be symbolized by [0,α). We will also denote the space [0,α + 1) as [0,α].
A family N of subsets of X is a network for X if for each x ∈ X and each open subset U of X with x ∈ U , there exists
N ∈N such that x ∈ N ⊂ U . The network weight of X , nw(X), is the ﬁrst cardinal number κ such that X has a network of
cardinality κ .
Let E and N be two families of subsets of X . We say that N is a network for X modulo E if for each E ∈ E and each open
subset U of X with E ⊂ U , there is N ∈N satisfying E ⊂ N ⊂ U . A space X is a Lindelöf Σ-space if X possess both a cover
K constituted by compact subsets of X and a countable network N for X modulo K.
Deﬁnition 2.1. Given a subset A of a space X , we say that a family N of subsets of X is an external network of A in X if for
each x ∈ A and each open subset U of X with x ∈ U , there is N ∈N such that x ∈ N ⊂ U .
Deﬁnition 2.2. We say that a space X is monotonically monolithic if for each A ⊂ X , we can assign an external network O(A)
of cl(A) in X in such a way that the following conditions hold:
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(2) if A ⊂ B ⊂ X , then O(A) ⊂O(B);
(3) if {Aα: α < γ } is a family of subsets of X with Aα ⊂ Aβ for α < β , then O(⋃{Aα: α < γ }) =⋃{O(Aα): α < γ }.
The following concept was introduced in [1].
Deﬁnition 2.3. Given an inﬁnite cardinal number κ , we say that a space X is monotonically κ-monolithic if, for each set
A ⊂ X with |A|  κ , we can assign an external network O(A) for cl(A) in such a way that the following conditions are
satisﬁed:
(1) |O(A)|max{|A|,ω};
(2) if A ⊂ B ⊂ X , then O(A) ⊂O(B);
(3) if λ is a cardinal number with λ  κ and {Aα: α < λ} ⊂ [X]κ such that Aα ⊂ Aβ for α < β < λ, then O(⋃{Aα :
α < λ}) =⋃{O(Aα): α < λ}.
A neighborhood assignment for a space (X,T ) is a function φ : X → T such that x ∈ φ(x) for every x ∈ X . We say that X
is a D-space if for every neighborhood assignment φ, one can ﬁnd a closed discrete D ⊂ X such that ⋃{φ(x): x ∈ D} = X .
Deﬁnition 2.4. Let X be a topological space. For each x ∈ X , let G(x) be a countable collection of subsets of X . We say
that {G(x): x ∈ X} is a Collins–Roscoe collection if for each x ∈ X and for each open subset U of X with x ∈ U , there is an
open subset V of X with x ∈ V ⊂ U such that for each y ∈ V there exists P ∈ G(y) with x ∈ P ⊂ U . If a space X has a
Collins–Roscoe collection, then we say that X has the Collins–Roscoe property.
For a space X , we denote by Cp(X) the set of real-valued continuous functions, having X as its domain, with its pointwise
convergence topology.
From now on, we will ﬁx a countable base B(R) for the usual topology in the set of real numbers R.
For subsets E1, . . . , En of a space X and subsets U1, . . . ,Un of R, we will use the symbol [E1, . . . , En;U1, . . . ,Un] to
denote the set { f ∈ Cp(X): f (Ei) ⊂ Ui for i = 1, . . . ,n}. If E is a family of subsets of X , then W(E) will be the family of all
the sets of the form [E1, . . . , En; B1, . . . , Bn] where E1, . . . , En ∈ E , B1, . . . , Bn ∈ B(R) and n ∈ ω.
Remark 2.5.
(1) If E is a family of subsets of X , then |W(E)|max{|E |,ω};
(2) if E and E ′ are families of subsets of X with E ⊂ E ′ , then W(E) ⊂W(E ′);
(3) if {Eα: α < γ } is such that each Eα is a family of subsets of X and Eα ⊂ Eβ for α < β , then W(⋃{Eα: α < γ }) =⋃{W(Eα): α < γ }.
Let f : X → Y be a function between the sets X and Y . The dual function f ∗ :RY →RX is deﬁned as follows: if g ∈RY ,
then f ∗(g) = g ◦ f . It is known that f ∗ is a continuous function, and if f is surjective, then f ∗ is a homeomorphism onto
its image [3]. Note that if X and Y are topological spaces and f is continuous, then f ∗(Cp(Y )) ⊂ Cp(X).
Let Y be a subspace of X . By πY we denote the function from Cp(X) to Cp(Y ) which restricts each element in Cp(X)
to Y ; that is, πY ( f ) = f  Y . The function πY is continuous.
Let X =∏{Xα: α ∈ A} be the topological product of the family of spaces {Xα: α ∈ A}, let x∗ = (x∗α)α∈A be a point in X ,
and let κ be a cardinal number. The Σκ -product of the family {Xα: α ∈ A} based in x∗ is the subspace Σκ(X, x∗) = {x ∈ X :
|{α ∈ A: xα 	= x∗α}| < κ} of X . When κ = ω, Σκ(X, x) is called σ -product and it is usually denoted by σ(X, x).
For a subset A of a topological space X , clX (A) is the closure of A in X , and intX (A) is the interior of A in X . If there is
no possibility of confusion, we will write simply cl(A) and int(A) instead of clX (A) and intX (A).
For those concepts and notations which appear in this article without deﬁnition, consult [3] and [9].
3. Monotone monolithicity of Cp(Cp(X))
In this section we will prove that Cp(Cp(X)) is monotonically monolithic if X has this property. Recall that every mono-
tonically monolithic space is monolithic, if X is monotonically monolithic and Y ⊂ X , then Y is monotonically monolithic
and the product space of a countable family of monotonically monolithic spaces is monotonically monolithic. The following
proposition, due to A.V. Arhangel’skii, appears in [2].
Lemma 3.1. Let X =∏{Xα: α < κ} be a product of spaces, each of them with countable network weight; let Y be a dense subset of X
and f : Y →R a continuous function. Then, there is a countable subset B ⊂ κ and there is a continuous function g : πB(Y ) →R such
that f = g ◦ (πB  Y ).
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modulo f if for each x ∈ X and each open subset U of Y with f (x) ∈ U , there is N ∈N such that x ∈ N and f (x) ∈ f (N) ⊂ U .
Proposition 3.3. Let S ⊂ X. IfN is an external network of S in X (see Deﬁnition 2.1), then the familyW(N ) of subsets of Cp(X) is a
network for πS (Cp(X)) modulo πS  Cp(X).
Proof. Let f ∈ Cp(X) and πS ( f ) ∈ U for an open subset U of πS (Cp(X)). Take x1, . . . , xn ∈ S and B1, . . . , Bn ∈ B(R) such
that πS ( f ) ∈ [x1, . . . , xn; B1, . . . , Bn] ∩ πS (Cp(X)) ⊂ U . Then, there exist N1, . . . ,Nn ∈ N such that xi ∈ Ni ⊂ f −1(Bi) for
i = 1, . . . ,n. It is not diﬃcult to see that if M = [N1, . . . ,Nn; B1, . . . , Bn], then M ∈W(N ), f ∈ M and πS (M) ⊂ U . 
Proposition 3.4. Let f : X → Y be an onto and continuous function and N be a family of subsets of X which is a network for Y
modulo f . ThenW(N ) is an external network of f ∗(Cp(Y )) in Cp(X).
Proof. Take a function g ◦ f = f ∗(g) in f ∗(Cp(Y )) and an open subset U of Cp(X) with g ◦ f ∈ U . Take x1, . . . , xn ∈ X
and B1, . . . , Bn ∈ B(R) such that g ◦ f ∈ [x1, . . . , xn; B1, . . . , Bn] ⊂ U . Thus, g ∈ [ f (x1), . . . , f (xn); B1, . . . , Bn]. Because
of our hypothesis, we can choose N1, . . . ,Nn ∈ N such that xi ∈ Ni and f (Ni) ⊂ g−1(Bi) for i = 1, . . . ,n. So g ∈
[ f (N1), . . . , f (Nn); B1, . . . , Bn]. Therefore, if M = [N1, . . . ,Nn; B1, . . . , Bn] then g ◦ f ∈ M ⊂ [x1, . . . , xn; B1, . . . , Bn] ⊂ U and
M ∈W(N ). 
If f ∈ Cp(Cp(X)), by Lemma 3.1, we can ﬁx a countable set S( f ) ⊂ X and a continuous function g( f ) : πS( f )(Cp(X)) →R
such that f = g( f ) ◦πS( f ) . For A ⊂ Cp(Cp(X)), we deﬁne S(A) =⋃{S( f ): f ∈ A}.
Remark 3.5. The operator S satisﬁes the following properties:
(1) |S(A)|max{|A|,ω};
(2) if A ⊂ B ⊂ X , then S(A) ⊂ S(B);
(3) if {Aα: α < γ } is a family of subsets of Cp(Cp(X)) with Aα ⊂ Aβ when α < β , then S(⋃{Aα: α < γ }) =⋃{S(Aα):
α < γ }.
Remark 3.6. Observe that if f ∈ Cp(Cp(X)), then f ∈ π∗B (Cp(πB(Cp(X)))) when S( f ) ⊂ B ⊂ X . Indeed, f = h( f ) ◦ πB =
π∗B (h( f )) where h( f ) is the continuous function g( f ) ◦ (π BS( f )  πB(Cp(X))) : πB(Cp(X)) → R. Here, π BS( f ) : RB → RS( f ) is
the natural projection.
Theorem 3.7. The space Cp(Cp(X)) is monotonically monolithic if and only if X is monotonically monolithic.
Proof. It is a well known fact that X is homeomorphic to a closed subspace of Cp(Cp(X)). Hence, if Cp(Cp(X)) is mono-
tonically monolithic, then X has this property too.
Now, assume that X is a monotonically monolithic space. For each S ⊂ X take an external network O(S) of cl(S) in
X in such a way that the assignment S → O(S) satisﬁes (1), (2) and (3) in Deﬁnition 2.2. For A ⊂ Cp(Cp(X)) we take
N (A) =W(W(O(S(A)))). For B(A) = cl(S(A)) and Z = πB(A)(Cp(X)), we will show that N (A) is an external network of
π∗B(A)(Cp(Z)) in Cp(Cp(X)).
By the election of O, we have that O(S(A)) is an external network of B(A) in X . By Proposition 3.3, the family
W(O(S(A))) of subsets of Cp(X) is a network for Z modulo πB(A)  Cp(X). Now, by Proposition 3.4, W(W(O(S(A))))
is an external network of π∗B(A)(Cp(Z)) in Cp(Cp(X)).
Since B(A) is closed, by Proposition 0.4.1 in [3], the projection πB(A) is open onto Z and so πB(A) is a quotient function.
By Proposition 0.4.8 in [3], π∗B(A)(Cp(Z)) is closed in Cp(Cp(X)). By Remark 3.6, we know that A ⊂ π∗B(A)(Cp(Z)). Thus,
cl(A) ⊂ π∗B(A)(Cp(Z)). Since N (A) is an external network of π∗B(A)(Cp(Z)) in Cp(Cp(X)), N (A) is also an external network
of cl(A) in Cp(Cp(X)).
Finally, because of the election of O and Remarks 2.5 and 3.5, it is easy to verify that N satisﬁes conditions (1), (2) and
(3) in Deﬁnition 2.2. So, Cp(Cp(X)) is monotonically monolithic. 
It was proved in [12] that every stratiﬁable space is monotonically monolithic. Also, it was proved in [17] that the closed
and continuous image of a monotonically monolithic space shares this property. Moreover, we have the results listed in
Theorem 1.1. Therefore:
Corollary 3.8. If X is either stratiﬁable or has a point countable base, then Cp(Cp(X)) is monotonically monolithic.
Corollary 3.9. If X is monotonically monolithic and Y is a closed continuous image of a subspace of Cp(Cp(X)), then Y is hereditar-
ily D.
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Examples 3.10. Let κ be a cardinal number such that κ > ω. The discrete space κ is monotonically monolithic, so Cp(Cp(κ))
is monotonically monolithic, but Cp(κ) =Rκ is not even normal.
We can also give an example of a Lindelöf monotonically monolithic space X such that Cp(X) is not Lindelöf. Indeed, let
X be the one-point Lindelöﬁcation of the discrete space κ where κ >ω. X is Lindelöf, and its tightness is not countable. By
the M.O. Asanov’s Theorem (see Theorem I.4.1 in [3]), Cp(X) is not Lindelöf. In [17] it was proved that every space with only
one non-isolated point is monotonically monolithic. So, X has this property. By Theorem 3.7, Cp(Cp(X)) is monotonically
monolithic.
It is known that every D-space X satisﬁes l(X) = e(X). Moreover, every countably compact D-space is compact. So, in
virtue of Examples 3.10, the following versions of the classic theorems of D. Baturov and A. Grothendieck (see Theorem III.6.1
and Corollary III.4.3 in [3]) are interesting.
Corollary 3.11. Let X be a monotonically monolithic space. Then, every closed continuous image Y of a subspace of Cp(Cp(X)) satisﬁes
l(Y ) = e(Y ).
Corollary 3.12. Let Y be a closed continuous image of a subspace of Cp(Cp(X)) where X is a monotonically monolithic space. If Y is
countably compact, then Y is compact.
Given a space X , the spaces Cp,n(X) with n < ω are deﬁned as follows: Cp,0(X) = X and Cp,n+1(X) = Cp(Cp,n(X)) for
each n ∈ ω.
Corollary 3.13. The following conditions are equivalent:
(1) X is monotonically monolithic.
(2) Cp,2n(X) is monotonically monolithic for some n ∈ ω.
(3) Cp,2n(X) is monotonically monolithic for every n ∈ ω.
Corollary 3.14. One and only one of the following distributions of the monotone monolithicity property in iterated function spaces
happen.
(1) Cp,n(X) is monotonically monolithic for every n ∈ ω;
(2) Cp,n(X) is not monotonically monolithic for every n ∈ ω;
(3) Cp,n(X) is monotonically monolithic if and only if n is even;
(4) Cp,n(X) is monotonically monolithic if and only if n is odd.
Proof. All of the four listed cases exclude themselves mutually. Moreover, these are the only possible distributions because
of Corollary 3.13 and because one of the following cases must happen: X and Cp(X) are monotonically monolithic, X and
Cp(X) are not monotonically monolithic, X is monotonically monolithic but Cp(X) is not, and X is not monotonically mono-
lithic but Cp(X) is. (Recall that every space X is homeomorphic to a subspace of Cp(Cp(X)) and monotone monolithicity is
a hereditary property.)
Now we are going to see that, in fact, all these possible distributions happen. If X has a countable network, then Cp,n(X)
is monotonically monolithic for every n ∈ ω; this proves that distribution (1) happens. If S is the Sorgenfrey line, then d(S) =
ω and d(Cp(S)) = iw(S) = ω. Nevertheless, nw(Cp(S)) = nw(S) > ω. Then S and Cp(S) are not monotonically monolithic.
So, Cp,n(S) is not monotonically monolithic for every n ∈ ω; this proves that distribution (2) happens. Consider now the
space [0,ω1]. Since its subspace [0,ω1) is countably compact but not compact, then [0,ω1) does not have property D .
So, [0,ω1] is not hereditary D; then [0,ω1] is not monotonically monolithic [17]. Nevertheless, since [0,ω1] is compact,
Cp([0,ω1]) is monotonically monolithic [17]. Then, Cp,n([0,ω1]) is monotonically monolithic when, and only when, n is
odd; so, distribution (4) happens. Finally, of course, distribution (3) happens when we take X = Cp([0,ω1]). 
4. Monotone monolithicity of Cp(X) when X is a Σκ -product
In this section we will use the following notation. Let X = ∏{Xα: α < κ} be the Tychonoff product of the family
{Xα: α < κ}. Suppose that for each α < κ , N (Xα) is a network of Xα . Let Y be a dense subset of X and S ⊂ κ . We will
denote by NY (S) the collection of all the subsets of Y of the form (
⋂
i∈n π−1αi (Ni))∩ Y where α0, . . . ,αn−1 ∈ S , Ni ∈N (Xαi )
for i ∈ n and n ∈ ω. Observe that NY (S) is a network for πS (Y ) modulo πS , and |NY (S)|max{|S|, sup{|N (Xα)|: α < κ}}.
Remark 4.1. If for each α < κ , the family N (Xα) is a countable network of Xα and Y is a dense subspace of
∏{Xα: α < κ},
then the following properties hold:
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(2) if S ⊂ T ⊂ κ , then NY (S) ⊂NY (T );
(3) if {Sα: α < γ } is a family of subsets of κ with Sα ⊂ Sβ when α < β , then NY (⋃{Sα: α < γ }) =⋃{NY (Sα): α < γ }.
Proposition 4.2. Let X =∏{Xα: α < κ} be a topological product, Y a dense subset of X , S a subset of κ and f : Y →R a continuous
function. If πS : Y → πS (Y ) is a quotient function and f (x) = f (x′) for every x, x′ ∈ X that satisfy πS (x) = πS (x′), then there exists
g : πS (Y ) →R, continuous, such that f = g ◦πS .
Proof. We deﬁne g : πS (Y ) → R as follows: if y = πS (x) ∈ πS (Y ) for an x ∈ Y , we take g(y) = f (x). Since f (x) = f (x′) for
each pair x, x′ ∈ X with πS (x) = πS (x′), g is well deﬁned. In order to prove that g is continuous, observe that for an open
subset U of R, the continuity of f implies that the set f −1(U ) = π−1S (g−1(U )) is open in Y . Since πS is a quotient function,
then g−1(U ) is open in πS (Y ). Because of the deﬁnition of g , we have f = g ◦πS . 
Theorem 4.3. Let X =∏{Xα: α < κ} be a product of spaces with nw(Xα) = ω for every α < κ , and let Y be a dense subset of X .
Suppose that for each S ⊂ κ the natural projection πS : Y → πS (Y ) is a quotient function. Then Cp(Y ) is monotonically monolithic.
Proof. For each α < κ , let N (Xα) be a countable network of Xα . By Lemma 3.1, for each continuous function f : Y →R, we
can take S( f ) ⊂ κ , countable, and a continuous function g( f ) : πS( f )(Y ) → R such that f = g( f ) ◦ πS( f ) . If A ⊂ Cp(Y ), let
S(A) =⋃{S(g): g ∈ A}, and take O(A) =W(NY (S(A))) (see deﬁnitions before Remark 2.5 and before Remark 4.1). Observe
that operator S has the following properties:
(1) if A ⊂ Cp(Y ), then |S(A)|max{|A|,ω};
(2) if A ⊂ B ⊂ Cp(Y ), then S(A) ⊂ S(B);
(3) if {Aα: α < γ } is a family of subsets of Cp(Y ) with Aα ⊂ Aβ when α < β , then S(⋃{Aα: α < γ }) =⋃{S(Aα): α < γ }.
Because of Remarks 2.5 and 4.1 and the properties of the function S , it is easy to verify that the operator O satisﬁes
conditions (1), (2) and (3) in Deﬁnition 2.2. So, we only have to prove that O(A) is an external network of cl(A) in Cp(Y )
for every A ⊂ Cp(Y ).
Let f ∈ cl(A). Take x, x′ ∈ X such that πS(A)(x) = πS(A)(x′). Because of the deﬁnition of S(A), we have that g(x) = g(x′)
for each g ∈ A. Since f ∈ cl(A), f (x) = f (x′). Indeed, if f (x) 	= f (x′), we can choose disjoint open subsets B, B ′ ∈ B(R) with
f (x) ∈ B and f (x′) ∈ B ′ . Then, the open set U = [x, x′; B, B ′] contains f and has an empty intersection with A; this is not
possible. Since the projection πS(A) : Y → πS(A)(Y ) is a quotient function, by Proposition 4.2, there is a continuous function
g( f ) : πS(A)(Y ) → R such that f = g( f ) ◦ πS(A) = π∗S(A)(g( f )). Therefore, cl(A) ⊂ π∗S(A)(Cp(πS(A)(Y ))). Since NY (S(A))
is a network of πS(A)(Y ) modulo πS(A) , O(A) = W(NY (S(A))) is an external network for π∗S(A)(Cp(πS(A)(Y ))) in Cp(Y )
(Proposition 3.4). Thus, O(A) is an external network of cl(A) in Cp(Y ). 
We know that if X = ∏{Xα: α ∈ A} is the product of a family {Xα: α ∈ A} of topological spaces, κ is an inﬁnite
cardinal, and Y is a Σκ -product of the spaces Xα , then Y is dense in X . Moreover, for each B ⊂ A, the natural projection
πB : Y → πB(Y ) is open and so is a quotient function.
Corollary 4.4. Let {Xα: α ∈ A} be a family of spaces with countable network weight. Let X be its product and Y a Σκ -product in X
where κ ω. Then, Cp(Y ) is monotonically monolithic.
The following factorization theorem appears in [3] (Theorem II.6.23).
Proposition 4.5. Let X =∏{Xα: α < κ} be a topological product, T = σ(X, x∗) (= Σω(X, x∗)), Y a subspace of X which contains T ,
and λ an inﬁnite cardinal. Assume that for each ﬁnite set K ⊂ κ , l(∏{Xα: α ∈ K })  λ. If f : Y → Z is a continuous function and
iw(Z) λ, then there is a set S ⊂ κ with |S| λ such that if x, x′ ∈ Y and πS (x) = πS (x′) then f (x) = f (x′).
The following result is well known (see Theorem 3.2.10 in [9]).
Proposition 4.6. Let X =∏{Xα: α < κ} be a product of topological spaces. Let Kα be a compact subset of Xα for each α < κ . If U is
an open subset of X such that K =∏{Kα: α < κ} ⊂ U , then there exist a ﬁnite set S ⊂ κ and a family {Uα: α ∈ S} of open subsets
with Uα ⊂ Xα for each α ∈ S such that K ⊂⋂{π−1α (Uα): α ∈ S} ⊂ U .
The following theorem generalizes a similar result obtained by V.V. Tkachuk for Lindelöf Σ-spaces [17, Proposition 2.9].
Theorem 4.7. Let X =∏{Xα: α < κ} be a product of Lindelöf Σ-spaces. Then, Cp(X) is monotonically monolithic.
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we denote by NS the family of all subsets of X of the form
⋂{π−1α (Nα): α ∈ S0} where Nα ∈Nα and S0 ⊂ S is ﬁnite. Note
that |NS |max{|S|,ω}; in particular, if S is countable then NS is countable. For each family E of subsets of X , let F(E)
be the collection {⋃A: A⊂ E and |A| < ℵ0} and CS (E) = {N \ E: N ∈NS , E ∈ E}.
Let f : X → R be a continuous function. The product of a ﬁnite collection of Lindelöf Σ-spaces is a Lindelöf Σ-space.
Moreover, iw(R) = ω. So, by Proposition 4.5, we can ﬁx a countable set S( f ) ⊂ κ such that if x, x′ ∈ X and πS (x) = πS (x′)
then f (x) = f (x′). Since the projection πS : X → XS = ∏{Xα: α ∈ S} is open for each S ⊂ κ , there exists a continuous
function g( f ) : XS( f ) →R such that f = g( f )◦πS( f ) (Proposition 4.2). For a ﬁnite set F ⊂ Cp(X), let S(F ) =⋃{S(g): g ∈ F },
EF = {g−1(B): g ∈ F , B ∈ B(R)} and N (F ) =W(CS(F )(F(EF )))). Observe that the family N (F ) is countable.
In order to prove that Cp(X) is monotonically monolithic, it is enough to prove, because of Theorem 3.2 in [12], that if
A ⊂ Cp(X) then ⋃{N (F ): F ∈ [A]<ω} is an external network of cl(A) in Cp(X). Take A ⊂ Cp(X) and f ∈ cl(A).
Claim. If x = (xα)α<κ ∈ X, B ∈ B(R) and f (x) ∈ B, then there are F ⊂ A, ﬁnite, and P ∈ CS(F )(F(EF )) such that x ∈ P and f ∈
[P ; B].
We are going to prove the Claim. For each α < κ , let Kα ∈ Kα with xα ∈ Kα . Thus, x ∈ K =∏{Kα: α < κ}. For every
y ∈ K \ f −1(B), take a B y ∈ B(R) such that f (y) ∈ B y and f (x) /∈ cl(B y), and take a function gy ∈ A such that gy(x) ∈
B \ cl(B y) and gy(y) ∈ B y . The family {g−1y (B y): y ∈ K \ f −1(B)} ∪ { f −1(B)} covers K . Since K is compact, there is a
ﬁnite subset T0 of K \ f −1(B) such that {g−1y (B y): y ∈ T0} ∪ { f −1(B)} covers K . If U =
⋃{g−1y (B y): y ∈ T0} ∪ f −1(B),
then K ⊂ U . By Proposition 4.6, there are a ﬁnite subset S0 ⊂ κ and a family {Uα: α ∈ S0} of open subsets with Uα ⊂ Xα
for each α ∈ S0, such that K ⊂ ⋂{π−1α (Uα): α ∈ S0} ⊂ U . Let S(A) = ⋃{S(g): g ∈ A} and S = S0 ∩ S(A). Hence, K ⊂⋂{π−1α (Uα): α ∈ S} ⊂ U . In fact, this follows from the fact that for each g ∈ A, g  E is constant for every set E of the
form π−1S(A)(πS(A)(x)). Thus, each h ∈ cl(A) satisﬁes this property too. For each α ∈ S , take gα ∈ A with α ∈ S(gα). Since
for each α ∈ S we have that Kα ∈Kα , Kα ⊂ Uα and Nα is a countable network for Xα modulo Kα , there exists Nα ∈Nα
with Kα ⊂ Nα ⊂ Uα . Let N =⋂{π−1α (Nα): α ∈ S}. Then K ⊂ N ⊂ U . Finally, let P = N \⋃{g−1y (B y): y ∈ T0}, then x ∈ P ,
P ∈ CS(F )(F(EF )) for F = {gy: y ∈ T0} ∪ {gα: α ∈ S} ⊂ A and f ∈ [P ; B]. This ends the proof of the Claim.
Now suppose that f ∈ U for an open subset U of Cp(X). Take x1, . . . , xn ∈ X and B1, . . . , Bn ∈ B(R) such that f ∈
[x1, . . . , xn; B1, . . . , Bn] ⊂ U . Because of the Claim, for each i = 1, . . . ,n there are Fi ⊂ A, ﬁnite, and Pi ∈ CS(Fi)(F(EFi ))
such that xi ∈ Pi and f ∈ [Pi; Bi]. Take F =⋃{Fi : i = 1, . . . ,n} ⊂ A; then Pi ∈ CS(F )(F(EF )) for each i = 1, . . . ,n. Finally,
if M = [P1, . . . , Pn; B1, . . . , Bn], then f ∈ M ⊂ [x1, . . . , xn; B1, . . . , Bn] ⊂ U , where M ∈W(CS(F )(F(EF ))) =N (F ). Therefore,⋃{N (F ) : F ∈ [A]<ω} is an external network of cl(A) in Cp(X). 
Corollary 4.8. If X is a σ -product of a family of spaces, each of themwith countable network, then Cp,n(X) is monotonically monolithic
for every n ∈ ω.
Proof. Since every space with countable network is monotonically monolithic, by Corollary 2.9 in [1], we have that X is
monotonically monolithic. And, because of Theorem 4.3, the space Cp(X) is monotonically monolithic. By Corollary 3.13, it
happens that Cp,n(X) is monotonically monolithic for every n ∈ ω. 
We do not know the answer to the following question:
Question 4.9. Let X be a Σκ -product of Lindelöf Σ-spaces. Is Cp(X) then monotonically monolithic?
Recall that a topological space is monolithic if nw(Y ) = d(Y ) for every subspace Y ⊂ X . A space X is stable if
nw(Y ) = iw(Y ) for each continuous image Y of X . It is known that X is stable if and only if Cp(X) is monolithic, and
that X is monolithic if and only if Cp(X) is stable [3]. It is also known that the Σκ -products of Lindelöf Σ-spaces are
stable [3]. Because of Corollary 4.4 and Theorem 4.7, we can conjecture that if P is a topological property such that Cp(X)
is monotonically monolithic if and only if X has property P , then property P must be, in some sense, stronger than the
property of being stable. Observe that [0,ω1] is monolithic but it is not monotonically monolithic. If X = Cp([0,ω1]), then
X is stable but Cp(X) is not monotonically monolithic. So, property P , mentioned before, does not coincide with stability,
even when X is a space of continuous functions with the pointwise convergence topology.
Of course, we can formulate the following general problem:
Problem 4.10. Given a class C of topological spaces, determine a topological property P(C) which satisﬁes: for every space
X ∈ C , Cp(X) is monotonically monolithic if and only if X has property P(C).
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In this section we will prove that Cp(Y ) is monotonically monolithic if Y is a cozero subset of X and Cp(X) is monoton-
ically monolithic.
The proof of the following theorem follows the ideas in [14].
Theorem 5.1. Let X be a space and let Y be a cozero subset of X . Then, Cp(Y ) is homeomorphic to a closed subspace of Cp(X)ω .
Proof. We began the proof of our theorem by copying that of Theorem 2.1 in [14]. Let h : X → [0,1] be a continuous
function such that Y = h−1((0,1]). For each n ∈ ω, deﬁne Fn = h−1([1/(n+1),1]) and F = X \ Y . Of course F and Fn , n ∈ ω,
are zero sets. Note that Fn ⊂ int(Fn+1) and Y =⋃{Fn: n ∈ ω}. Consider the closed subset Z = { f ∈ Cp(X): f (F ) ⊂ {0}} of
Cp(X). Consider the set










G ∈ Zω: G(n)(x) = G(m)(x)}.
So, P is closed in Zω and then it is closed in Cp(X)ω . Now, we are going to prove that Cp(Y ) is a continuous image of P .
Take the function T : P →RY deﬁned as
T (G)(x) = G(n)(x) if x ∈ Fn.
It is clear that T is well deﬁned. Let G ∈ P and x ∈ Y . Thus, x ∈ Fn ⊂ int(Fn+1) for some n ∈ ω. Since T (G)  Fn+1 =
G(n + 1)  Fn+1, T (G) coincides with the continuous function G(n + 1) in Fn+1 which is a neighborhood of x. Therefore,
T (G) is continuous at x. So, we obtain that T (G) is continuous on Y , and so T (P ) ⊂ Cp(Y ).
Now, we are going to show that Cp(Y ) ⊂ T (P ). Fix a continuous function θ : [0,1] → [0,1] such that θ(1) = 1 and
θ([0,1/2]) = {0}. Since F and Fn are zero sets for every n ∈ ω, we can also ﬁx, for each n ∈ ω, a continuous function
hn : X → [0,1] such that hn(F ) ⊂ {0} and hn(Fn) ⊂ {1}. Take sn = θ ◦ hn . Then sn : X → [0,1] is continuous, sn(Fn) ⊂ {1} and
sn is equal to 0 in some neighborhood of F . If f ∈ Cp(Y ), then the function g( f ,n) : X →R deﬁned by the rule
g( f ,n)(x) =
{
f (x)sn(x) if x ∈ Y ;
0 if x ∈ F ,
is continuous on X and coincides with f on Fn . Note that if G f ∈ Cp(X)ω is deﬁned as G f (n) = g( f ,n) for each n ∈ ω, then
G f ∈ P and T (G f ) = f . This concludes the proof that T (P ) = Cp(Y ). Now, we are going to prove that T is a continuous
function. Take [x; B] in Cp(Y ) where x ∈ Y and B ∈ B(R). Let m ∈ ω such that x ∈ Fm . Hence x ∈ Fn for each n m; so
G(n)(x) = G(m)(x) for each G ∈ P and nm. Therefore, the set
T−1
([x, B])= {G ∈ P : G(m)(x) ∈ B}= P ∩ {H ∈ Cp(X)ω: H(m)(x) ∈ B}
is an open subset of P . Thus Cp(Y ) is a continuous image of the subspace P of Cp(X)ω .
Until here, we copy Okunev’s proof. Now, we are going to go a little further, we are going to prove that, in fact, Cp(Y ) is
homeomorphic to a closed subset of Cp(X)ω .
For each n ∈ ω, consider the function Sn : Cp(Y ) → Cp(X) given by Sn( f ) = g( f ,n) for each f ∈ Cp(Y ). We now prove
that Sn is a continuous function. Let A ⊂ Cp(Y ) and f ∈ clCp(Y )(A). Let W = [Sn( f ), K ;] = {t ∈ Cp(X): ∀x ∈ K , |Sn( f )(x)−
t(x)| < } be a canonical neighborhood of Sn( f ) where K ⊂ X is ﬁnite. Take K0 = K ∩ Y and h ∈ [ f , K0;] ∩ A. If x ∈ K ∩ F ,
then |Sn(h)(x) − Sn( f )(x)| = 0<  . If x ∈ K ∩ Y = K0, then∣∣Sn(h)(x)− Sn( f )(x)∣∣= ∣∣h(x)sn(x) − f (x)sn(x)∣∣ ∣∣h(x)− f (x)∣∣< .
This proves that Sn(h) ∈ W ∩ Sn(A). Thus, Sn( f ) ∈ clCp(X)(Sn(A)). So, we have proved that each Sn is continuous. Take the
diagonal of the family of functions {Sn: n ∈ ω}: S = {Sn: n ∈ ω} : Cp(Y ) → Cp(X)ω . Then, S is a continuous function.
Moreover, S( f ) = G f ; so, S(Cp(Y )) ⊂ P and T (S( f )) = f .
Since T (S( f )) = f for each f ∈ Cp(Y ), S is injective, and S and T are continuous, then S is a homeomorphism from
Cp(Y ) to the subspace S(Cp(Y )) of Cp(X)ω .
Finally we are going to prove that S(Cp(Y )) is a closed subset of Cp(X)ω . Since P is closed in Cp(X)ω , it is enough to
prove that S(Cp(Y )) is closed in P . We will ﬁrst prove that if G ∈ P and, if for each n,m ∈ ω with n <m, and x ∈ Fm we
have G(n)(x) = G(m)(x)sn(x), then G ∈ S(Cp(Y )). It is suﬃcient to prove that G = S(T (G)). Let n ∈ ω and x ∈ X . If x ∈ F
then G(n)(x) = 0 = S(T (G))(n)(x). If x ∈ Y , we can choose m ∈ ω such that n <m and x ∈ Fm . Hence
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for each n,m ∈ ω with n <m and x ∈ Fm we have G(n)(x) = g( f ,n)(x) = f (x)sn(x) = G(m)(x)sn(x). Therefore, G ∈ S(Cp(Y )) if











G ∈ Cp(X)ω: G(n)(x) = G(m)(x)sn(x)
}
.
So, S(Cp(Y )) is closed in P . 
Corollary 5.2. Let P be a class of spaces which is invariant with respect to countable powers and closed subsets. If Cp(X) ∈ P and Y
is a cozero subset of X , then Cp(Y ) ∈P .
Since every open Fσ subset of a normal space is a cozero set, we obtain:
Corollary 5.3. Let P be a class of spaces invariant with respect to countable powers and closed subsets. If X is normal, Cp(X) ∈P and
Y is an Fσ open subset of X , then Cp(Y ) ∈P .
It was proved in [17] and [18] that the class of monotonically monolithic spaces and the class of spaces with the Collins–
Roscoe property are invariant with respect to countable powers and arbitrary subsets. So:
Corollary 5.4. If Cp(X) is monotonically monolithic (resp., has the Collins–Roscoe property) and Y is a cozero subset of X , then Cp(Y )
is monotonically monolithic (resp., has the Collins–Roscoe property).
6. Monotone monolithicity and tightness
In this section, we prove that every monotonically κ-monolithic space X with t(X) κ is monotonically monolithic.
The proof of the following proposition is similar to that given for Theorem 3.2 in [12].
Proposition 6.1. A space X is monotonically κ-monolithic if and only if to each ﬁnite subset F of X , we can assign a countable collection
N (F ) of subsets of X such that, for each subset A of X with |A| κ , the family⋃{N (F ): F ∈ [A]<ω} is an external network for cl(A).
Proposition 6.2. If X is monotonically κ-monolithic and t(X) κ , then X is monotonically monolithic.
Proof. By Proposition 6.1, we can assign to each ﬁnite subset F ⊂ X , a countable collection N (F ) such that, for each subset
A of X with |A|  κ , the family ⋃{N (F ): F ∈ [A]<ω} is an external network for cl(A). By Theorem 3.2 in [12], in order
to get a proof of our proposition, it is enough to prove that for each A ⊂ X the family ⋃{N (F ): F ∈ [A]<ω} is an external
network of cl(A). So take A ⊂ X and x ∈ cl(A). Let U be an open subset of X with x ∈ U . Since t(X)  κ , there is B ⊂ A
with |B|  κ such that x ∈ cl(B). Because ⋃{N (F ): F ∈ [B]<ω} is an external network of cl(B), we can take F ⊂ B ⊂ A,
ﬁnite, and N ∈N (F ) such that x ∈ N ⊂ U . This proves that ⋃{N (F ): F ∈ [A]<ω} is an external network for cl(A). 
Corollary 6.3. If X is a Corson compact monotonically ω-monolithic space, then X is monotonically monolithic.
Proof. Let X be a Corson compactum. G.A. Sokolov proved in [15] that, in this case, (Cp(X))n is Lindelöf for each n ∈ ω. By
M.O. Asanov’s Theorem, we have that t(X) ω. Since X is monotonically ω-monolithic, Proposition 6.2 guarantees that X
is monotonically monolithic. 
It was proved in [12] that every compact monotonically ω-monolithic space is a Corson compactum. Therefore we obtain:
Corollary 6.4. If X is a compact monotonically ω-monolithic space, then X is monotonically monolithic.
Recall that a sequence (xα)α<κ in a space X is a free sequence of length κ if for each β < κ we have cl({xα: α < β}) ∩
cl({xα: α  β}) = ∅.
The following proposition can be proved in a similar way to Proposition 3.12 in [13] taking into account the indications
made in the proof of Corollary 2.24 in [1].
Proposition 6.5. If X is countably compact and t(X) > ω, then X contains a free sequence of length ω1 .
The following result was proved in [17].
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Corollary 6.7. If X is a countably compact monotonically ω-monolithic space, then X is a compact monotonically monolithic Fréchet–
Urysohn space.
Proof. By Proposition 6.2 and Theorem 6.6, it is enough, in order to prove our corollary, to show that t(X)ω. Assume, to
the contrary, that t(X) > ω. By Proposition 6.5, there exists a free sequence (xα)α<ω1 in X . Let Fα = {xβ : β < α}. It is not
diﬃcult to verify that F =⋃{cl(Fα): α <ω1} is countably compact. Since X is monotonically ω-monolithic, nw(cl(Fα))ω
for each α < ω1. By Theorem 2.10 in [18], the space F is monotonically monolithic, and by Theorem 6.6, F is compact and
has the Fréchet–Urysohn property. In particular, F = clX ({xα: α <ω1}) and there exists a complete accumulation point z in
F of {xα: α <ω1}. Since (xα)α<ω1 is a free sequence in F , z /∈
⋃{clX (Fα): α <ω1} = F . This contradiction follows from our
hypothesis: t(X) > ω. So, we must have t(X)ω. 
7. Monotonically < κ-monolithic spaces
In this section, we are going to introduce the concept of monotonically < κ-monolithic space when κ ω1. This concept
is weaker than that of monotonically κ-monolithic space. We are going to prove that if X is a monotonically < κ-monolithic
space and nw(X) κ , then Cp(X) is hereditarily D . We will obtain several corollaries, among them: Cp(X) is hereditarily a
D-space if X is pseudocompact and nw(X)ω1.
For a cardinal number κ  ω1, we say that a space X is monotonically < κ-monolithic if for each ﬁnite subset F of
X we can assign a countable collection N (F ) of subsets of X such that, for each subset A ⊂ X with |A| < κ , the family⋃{N (F ): F ∈ [A]<ω} is an external network for cl(A).
Let X be a monotonically < κ-monolithic space with operator N , and let φ be a neighborhood assignment on X . We
deﬁne the relation R = R(N , φ) from X to [X]<ω as follows: (x, F ) ∈ R if and only if there is N ∈N (F ) with x ∈ N ⊂ φ(x).
Given a neighborhood assignment φ on X , for A ⊂ X we denote by φ(A) the set ⋃{φ(x): x ∈ A}. A subset Z of X is
φ-closed if Z ⊂ φ(x) for each x ∈ Z .
Remarks 7.1. Let X be a monotonically < κ-monolithic space with operator N and let φ be a neighborhood assignment
on X , then:
(1) If A ⊂ X , |A| < κ and x ∈ cl(A), then there is F ∈ [A]<ω such that (x, F ) ∈ R; that is, cl(A) ⊂ R−1([A]<ω) =⋃{R−1(F ): F ⊂ A and F is ﬁnite}.
(2) If F ∈ [X]<ω , then we have that R−1(F ) =⋃{ZN : N ∈N (F )} where ZN = {x ∈ X: x ∈ N ⊂ φ(x)}. Observe that ZN is
φ-closed for each N ∈N (F ). Therefore, R−1(F ) is the union of a countable collection of φ-closed subsets.
(3) If {Eβ : β < α} is a collection of subsets of X , then R−1([⋃{Eβ : β < α}]<ω) =⋃{R−1([⋃{Eγ : γ  β}]<ω): β < α}.
(4) Let {Eβ : β < α} be a collection of subsets of X , let {Uβ : β < α} be a family of open subsets of X . Assume that
for each β < α we have that R−1([⋃{Eγ : γ  β}]<ω) ⊂⋃{Uγ : γ  β}. Then, by the previous remark, if β  α we
obtain: R−1([⋃{Eγ : γ < β}]<ω) =⋃{R−1([⋃{Eδ: δ  γ }]<ω): γ < β} ⊂⋃{⋃{Uδ: δ  γ }: γ < β} =⋃{Uγ : γ < β}.
Moreover, by Remark 7.1(1), if β  α and |⋃{Eγ : γ < β}| < κ , then cl(⋃{Eγ : γ < β}) ⊂⋃{Uγ : γ < β}.
The following result is easy to prove.
Lemma 7.2. Let X be a topological space. If α is an ordinal number, {Eβ : β < α} is a sequence of closed discrete subsets of X and
{Uβ : β < α} is a sequence of open sets in X such that Eβ ⊂ Uβ \ ⋃{Uγ : γ < β} for each β < α, and cl(⋃{Eγ : γ < β}) ⊂⋃{Uγ : γ < β} for β  α, then⋃{Eβ : β < α} is closed and discrete in X.
Lemma 7.3. Let X be a monotonically< κ-monolithic space with operatorN , and let φ be a neighborhood assignment on X. If D ⊂ X
is countable, closed and discrete with D ⊂ V for an open subset V ⊂ X and if x∗ ∈ X \ V , then there exists a countable closed and
discrete subset E ⊂ X \ V of X with x∗ ∈ E and such that R−1([D ∪ E]<ω) ⊂ V ∪ φ(E).
Proof. Take a family {Ωn: n ∈ ω} of inﬁnite disjoint subsets of ω such that ω =⋃{Ωn: n ∈ ω} and {0, . . . ,n} ⊂ Ω1∪· · ·∪Ωn .
We construct the set E in a recursive process.
Step 0. Let E0 = {e0} where e0 = x∗ and let {Zi: i ∈ Ω0} be a countable collection of φ-closed subsets of X such that
R−1([D ∪ E0]<ω) ⊂⋃{Zi: i ∈ Ω0} (see Remark 7.1(2)).
Suppose that for every k n we have chosen sets Ek and constructed families of φ-closed subsets {Zi: i ∈ Ωk} such that
H(k): Ek ⊂ (V ∪ φ(Ek)) \ V ∪⋃{φ(Ei): i < k};
I(k): R−1([D ∪⋃{Ei: i  k}]<ω) ⊂⋃{Zi: i ∈ Ωk}; and
J (k):
⋃{Zi: i < k} ⊂⋃{V ∪ φ(Ei): i  k}.
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conditions and so we would ﬁnish the proof. Otherwise, let m be the ﬁrst natural number in
⋃{Ωk: k  n} such that
Zm \ ⋃{V ∪ φ(Ek): k  n} 	= ∅. Notice that by J (n), m  n. Fix en+1 ∈ Zm \ ⋃{V ∪ φ(Ek): k  n}. Take En+1 = {en+1}.
Because of Remark 7.1(2), we can take a collection {Zi: i ∈ Ωn+1} of φ-closed subsets of X such that R−1([D ∪⋃{Ei: i 
n+1}]<ω) ⊂⋃{Zi: i ∈ Ωn+1}. Observe that conditions H(n+1) and I(n+1) hold. We prove that J (n+1) holds. Since J (n)
holds, it is enough to prove that Zn ⊂⋃{V ∪ φ(Ek): k  n + 1}. If n <m, since n ∈⋃{Ωk: k  n} by the choice of m, we
have Zn ⊂⋃{V ∪ φ(Ek): k n}. If n =m, since Zn is φ-closed and by the choice of En+1, we have Zn ∈ φ(En+1). Therefore
J (n + 1) holds.
Assume that we cannot ﬁnish the recursive process in a ﬁnite step, then we have, for each n ∈ ω, a non-empty set En and
a family {Zi: i ∈ Ωn} of φ-closed sets such that H(n), I(n) and J (n) hold. Take E =⋃{En: n ∈ ω}. Notice that x∗ = e0 ∈ E .
Since H(n) holds for every n ∈ ω, we have E ⊂ X \ V . Because of I(n), J (n) and Remark 7.1(3) we have R−1([D ∪ E]<ω) ⊂⋃{Zn: n ∈ ω} ⊂⋃{V ∪ φ(En): n ∈ ω} = V ∪ φ(E). Because of Remark 7.1(1), we have cl(D ∪ E) ⊂⋃ R−1([D ∪ E]<ω). So,
cl(D ∪ E) ⊂ V ∪ φ(E). Finally, taking into account this last relation, taking Un = V ∪ φ(En), using the fact that H(n) holds
for every n ∈ ω and by Lemma 7.2, we conclude that the set E is closed and discrete. 
Lemma 7.4. Let X be a monotonically < κ-monolithic space with operatorN and let φ be a neighborhood assignment on X. If D ⊂ X
is closed and discrete, |D| < κ , D ⊂ V for an open set V ⊂ X and x∗ ∈ X \ V , then there exists E ⊂ X \ V , closed and discrete in X
with |E| |D|, x∗ ∈ E and such that R−1([D ∪ E]<ω) ⊂ V ∪ φ(E).
Proof. We proceed by transﬁnite recursion on the cardinality of D . If |D| = ω, the result follows from Lemma 7.3. Suppose
that there is a cardinal number λ < κ such that the result is true for every subset D with cardinality less than λ. We are
going to prove that the lemma holds when we consider subsets D of cardinality λ. So, take a closed and discrete subset
D = {xα: α < λ} of X such that D ⊂ V for some open subset V ⊂ X and x∗ ∈ X \ V .
Step 0. Let D0 = {x0}, and take x∗0 = x∗ . By Lemma 7.3, there is a countable closed and discrete subset E0 of X with
E0 ⊂ X \ V , x∗0 ∈ E0 and such that R−1([{x0} ∪ E0]<ω) ⊂ V ∪ φ(E0).
Assume that α < λ and for each β < α, we have constructed closed and discrete subsets Eβ such that for Uβ = V ∪φ(Eβ),
the following conditions hold:
H(β): |Eβ |max{ω, |β|};
I(β): Eβ ⊂ Uβ \⋃{Uγ : γ < β};
J (β): R−1([{xγ : γ  β} ∪⋃{Eγ : γ  β}]<ω) ⊂⋃{Uγ : γ  β}.
Step α. Since H(β) and J (β) hold for each β < α, by Remark 7.1(3) we have cl(
⋃{Eγ : γ < β}) ⊂⋃{Uγ : γ < β} for each
β  α. Using this fact and I(β) for each β < α, by Lemma 7.2, we conclude that
⋃{Eβ : β < α} is closed and discrete in X .
Then Dα = {xβ : β  α} ∪ ⋃{Eβ : β < α} is closed and discrete in X . Besides, |Dα |  max{ω, |α|}. If V ∪ φ(⋃{Eβ :
β < α}) = X , then the set E = ⋃{Eβ : β < α} satisﬁes the required conditions and the proof would be ﬁnished. In the
other possible case, ﬁx x∗α ∈ X \
⋃{V ∪ φ(Eβ): β < α}. By hypothesis, there exists Eα ⊂ X \⋃{V ∪ φ(Eβ): β < α}, closed
and discrete in X with |Eα |  |Dα |  max{ω, |α|}, x∗α ∈ Eα and such that
⋃
R−1([Dα ∪ Eα]<ω) ⊂⋃{V ∪ φ(Eβ): β  α}.
Note that, for Uα = V ∪ φ(Eα), conditions H(α), I(α) and J (α) hold.
Finally, if we do not ﬁnish the process in a step α < λ, we take E = ⋃{Eα: α < λ}. So E ⊂ X \ V . Since H(β), I(β)
and J (β) happen for every β < λ and using Remarks 7.1 and Lemma 7.2, we conclude that E is closed and discrete in X .
Moreover, |E| λ = |D|, x∗ ∈ E and R−1([D∪ E]<ω) =⋃{R−1([{xβ : β  α}∪⋃{Eβ : β  α}]<ω): α < λ} ⊂ V ∪φ(D∪ E). 
Note that because of Theorem 3.2 in [12], every monotonically monolithic space is monotonically κ-monolithic for all
κ ω, and every monotonically κ-monolithic space is monotonically < κ-monolithic for all κ ω1. So, the following result
generalizes Theorem 2.14 in [17].
Theorem 7.5. Let X be a monotonically < κ-monolithic space where κ  nw(X). Then, X is hereditarily D.
Proof. It is suﬃcient to prove that X has property D . Let φ be a neighborhood assignment in X , and let N = {Nα: α < κ}
be a network for X . We will construct a closed and discrete subset E of X such that φ(E) = X as follows:
Step 0. Let D0 = V = ∅ and ξ0 be the ﬁrst ordinal ξ < κ such that there exists x ∈ X with x ∈ Nξ ⊂ φ(x). Fix x∗0 ∈ X such
that x∗0 ∈ Nξ0 ⊂ φ(x∗0). Because of Lemma 7.3, there is E0 ⊂ X , countable, closed and discrete in X with x∗0 ∈ E0 and such
that R−1([E0]<ω) ⊂ φ(E0).
Let α < κ and assume that for each β < α we have chosen closed discrete subsets Eβ , ordinals ξβ and points x∗β in X
that satisfy the following conditions:
H(β): ξγ < ξβ when γ < β < α;
I(β): |Eβ |max{ω, |β|};
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K (β): R−1([⋃{Eγ : γ  β}]<ω) ⊂ φ(⋃{Eγ : γ  β});
L(β): ξβ is the ﬁrst ordinal number such that there is x ∈ X \ φ(⋃{Eγ : γ < β}) with x ∈ Nξβ ⊂ φ(x). Also, x∗β is a ﬁxed
point in X \ φ(⋃{Eγ : γ < β}) and x∗β ∈ Nξβ ⊂ φ(x∗β).
Step α. By Lemma 7.2, the set Dα =⋃{Eβ : β < α} is closed and discrete in X . If φ(Dα) = X , then the set E = Dα satisﬁes
the required conditions and we would ﬁnish the recursive process. Otherwise, observe that |Dα | max{ω, |α|}. Let ξα be
the ﬁrst ordinal ξ such that there is x ∈ X \ φ(Dα) with x ∈ Nξ ⊂ φ(x). Choose x∗α ∈ X \ φ(Dα) such that x∗α ∈ Nξα ⊂ φ(x∗α).
By Lemma 7.4, there exists a closed and discrete subset Eα ⊂ φ(Eα) \φ(Dα) of X which satisﬁes |Eα | |Dα |max{ω, |α|},
x∗α ∈ Eα and such that R−1([Dα ∪ Eα]<ω) ⊂ φ(Dα ∪ Eα). Note that conditions H(α), I(α), J (α), K (α) and L(α) hold.
Finally, take E =⋃{Eα: α < κ}. If x ∈ X \ φ(E), then there exists α < κ with x ∈ Nα ⊂ φ(x) and there is β ∈ κ with
ξβ > α; this contradicts the choice of Nξβ . Therefore, we must have that φ(E) = X . Using this fact and Lemma 7.2, it is easy
to conﬁrm that E is closed and discrete in X . 
Observe that Proposition 6.1 says that every monotonically κ-monolithic space is monotonically < κ+-monolithic. Then:
Corollary 7.6. If X is monotonically κ-monolithic and nw(X) κ+ , then X is hereditarily D.
The following result follows the ideas in [17] as well as the remarks made at the end of [5]. Recall that a space X is
initially κ-compact if every open cover G of X with |G|  κ has a ﬁnite subcover. A topological space X is called initially
< λ-compact if X is initially κ-compact for every κ < λ.
Theorem 7.7. If X has a coverK and a countable networkN moduloK such that each K ∈K is initially < λ-compact, then Cp(X) is
monotonically < λ-monolithic.
Proof. For every family E of subsets of X , we take C(E) = {N \ E: E ∈ E, N ∈N } and F(E) = {∪E0: E0 ⊂ E, |E0| < ω}.
For each ﬁnite set F ⊂ Cp(X), take EF = {g−1(B): g ∈ F , B ∈ B(R)} and N (F ) =W(C(F(EF ))) (see Remark 2.5). Observe
that, since F is ﬁnite, N (F ) is countable. We are going to prove that for each A ⊂ Cp(X) satisfying |A| < λ, the family⋃{N (F ): F ∈ [A]<ω} is an external network of cl(A) in Cp(X). Take A ⊂ Cp(X) with |A| < λ and f ∈ cl(A).
Claim. If x ∈ X, B ∈ B(R) and f (x) ∈ B, then there are a ﬁnite set F ⊂ A and P ∈ C(F(EF )) such that x ∈ P and f ∈ [P ; B].
We will prove the Claim. Let K ∈ K which contains x. For each y ∈ K \ f −1(B), we take a set B y ∈ B(R) such that
f (y) ∈ B y and f (x) /∈ cl(B y), and we take a function gy ∈ A such that gy(x) ∈ B \ cl(B y) and gy(y) ∈ B y . The family
{g−1y (B y): y ∈ K \ f −1(B)} ∪ { f −1(B)} covers K and has cardinality less than λ. By hypothesis, there is a ﬁnite set K0 ⊂
K \ f −1(B) such that {g−1y (B y): y ∈ K0} ∪ { f −1(B)} covers K . Take N ∈N with K ⊂ N ⊂ (
⋃{g−1y (B y): y ∈ K0}) ∪ f −1(B).
By construction, if P = N \⋃{g−1y (B y): y ∈ K0}, then x ∈ P , P ∈ C(F(EF )) where F = {gy: y ∈ K0} ⊂ A and f ∈ [P ; B].
Now, assume that f ∈ U for an open subset U of Cp(X). Take x1, . . . , xn ∈ X and B1, . . . , Bn ∈ B(R) such that f ∈
[x1, . . . , xn; B1, . . . , Bn] ⊂ U . Because of the Claim, for each i = 1, . . . ,n, there exist Fi ⊂ A, ﬁnite, and Pi ∈ C(F(EFi )) such
that xi ∈ Pi and f ∈ [Pi; Bi]. Take F = ⋃{Fi: i = 1, . . . ,n} ⊂ A. So, Pi ∈ C(F(EF )) for each i = 1, . . . ,n. Finally, if M =
[P1, . . . , Pn; B1, . . . , Bn], then f ∈ M ⊂ [x1, . . . , xn; B1, . . . , Bn] ⊂ U , where M ∈W(C(F(EF ))) =N (F ). 
Corollary 7.8. ([5]) Let X be a countably compact initially < nw(X)-compact space. Then Cp(X) is hereditarily a D-space.
Recall that a topological space X is κ-bounded if each A ⊂ X which satisﬁes |A| κ is contained in a compact subset
of X . Every κ-bounded space is initially κ-compact [16].
Example 7.9. Let λ be a regular cardinal. We have that nw([0, λ)) = λ. Let A ⊂ λ with |A| < λ. Thus, A is contained in the
compact subset [0, sup{A}] of [0, λ). This shows that [0, λ) is κ-bounded for each κ < λ. So, [0, λ) is initially < nw([0, λ))-
compact. Therefore, Cp([0, λ)) is monotonically < λ-monolithic (Theorem 7.7), and by Theorem 7.5, Cp([0, λ)) is hereditarily
a D-space.
Corollary 7.10. If X is a free topological sum of a countable collection of regular ordinals (with their order topology), then Cp(X) is
hereditarily D.
Observe that if α is an ordinal number with countable coﬁnality, then [0,α) is σ -compact and so it is a Lindelöf Σ-space.
Therefore, in this case, Cp([0,α)) is monotonically monolithic. We do not know the answer to the following question:
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D-space)?
Example 7.12. For each α ∈ ω1, let Cαp ([0,ω1)] be the set of all the real-valued continuous functions deﬁned on [0,ω1)
which are constants on (α,ω1). It is a well known fact that Cp([0,ω1)) = ⋃{Cαp ([0,ω1)): α < ω1}. Moreover, for each
α < ω1, Cαp ([0,ω1)) is homeomorphic to Cp([0,α]) × R. Thus, nw(Cαp ([0,ω1))) = nw(Cp([0,α])) = nw([0,α]) = ω. There-
fore, Cp([0,ω1)) is the union of ω1 subspaces with countable network. As was shown in Example 7.9, the space Cp([0,ω1))
is monotonically ω-monolithic. So, by Theorem 2.10 in [18], Cp([0,ω1)) has the Collins–Roscoe property (see Deﬁnition 2.4).
Corollary 7.13. If X is pseudocompact and nw(X)ω1 , then Cp(X) is hereditarily D.
Proof. Let X be a pseudocompact space with nw(X)  ω1. By Corollary 2.15 in [1], we have that Cp(X) is monotoni-
cally ω-monolithic. Because of Corollary 7.6 and since nw(Cp(X)) = nw(X)  ω1, we have that Cp(X) is hereditarily a
D-space. 
Example 7.14. For a maximal almost disjoint family A, the Mrówka space Ψ (A) is pseudocompact and not countably
compact. Under CH, nw(Cp(Ψ (A))) = nw(Ψ (A))ω1. Hence, by Corollary 7.13, under CH, Cp(Ψ (A)) is hereditarily D .
Question 7.15. Is it true in ZFC that for every almost disjoint family A, Cp(Ψ (A)) is hereditarily D?
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